Abstract. The present paper is devoted to the classification of symplectic automorphisms of some hyperkähler manifolds. The results contained here are an explicit classification of prime order automorphisms on manifolds of K3 [n] type and a proof that all finite groups of symplectic automorphisms of such manifolds are contained in Conway's group Co 1 .
Introduction
Automorphisms of symplectic manifolds have attracted a lot of interest, mainly in the two dimensional setting. Automorphisms of K3 surfaces preserving the symplectic form have been fully classified, starting from the foundational work of Nikulin [29] and Mukai [28] and of several other eventually leads to a list of groups and actions on cohomology by Hashimoto [17] . In higher dimensions, far less is known: there are results concerning deformations of automorphisms, such as [5] by Boissière and [25] . There are also previous results in the peculiar case of involutions on four dimensional hyperkähler manifolds by Camere [10] , O'Grady [33] and there is also [23] . Symplectic automorphisms have already been addressed in [26] and the recent [9] by Boissière, Camere and Sarti addresses automorphisms that do not preserve the symplectic form. In the present paper, we specialise to manifolds obtained as smooth deformations of Hilbert schemes of n points on K3 surfaces (shorthand: manifolds of K3 [n] type). Our results, obtained with techniques similar to Kondo's [21] approach for K3 surfaces, yield a classification of prime order automorphisms preserving the symplectic form and the following two characterisations of finite groups of symplectic automorphisms:
Theorem. Let X be a hyperkähler manifold of K3
[n] type and let G be a finite group of symplectic automorphisms of X. Then G ⊂ Co 1 and S G (X) = S G (Λ) for some conjugacy class of G in Co 1 .
Gaberdiel, Hohenegger and Volpato]. The following is a somewhat more technical sufficient condition:
Theorem. Let G ⊂ Co 0 be a group of isometries of the Leech lattice with invariant sublattice T of rank at least 4 and the discriminant group of T has less generators than its rank. Then there exist an integer n and a manifold X of K3
[n] type such that G ⊂ Aut s (X).
See Theorem 4.4. Based on the behaviour of some isometries not satisfying the above proposition, we conjecture the following.
Conjecture. There is a bijective correspondence between finite groups of symplectic automorphisms of manifolds of K3
[n] type (for some n) and subgroups G of Co 1 satisfying the conditions of the above proposition.
Recently, Huybrechts [20] found a similar result for automorphisms coming from symplectic derived autoequivalencies of K3 surfaces. In Lemma 4.5 we prove that the sufficient condition he imposes on the group action is equivalent to ours. The structure of the paper is as follows. In Section 1, we gather several known results on manifolds of K3
[n] type. In Section 2 we collect some results about lattices, mainly about their discriminant groups. In Section 3 we prove basic properties of invariant and coinvariant lattices associated to symplectic automorphisms and we use them to prove that finite groups of symplectic automorphisms can be embedded in the Conway group. The same result, but only in dimension four, was proven in [26] . In Section 4 we address the converse, namely how to obtain automorphisms from subgroups of the Conway group. We provide a sufficient and a necessary condition. Section 5 contains a classification of all symplectic automorphisms of prime order, up to their coinvariant lattice. In the special case of dimension four, we also classify the number of deformation classes of pairs (X, ϕ) and the fixed locus of ϕ. Here ϕ is a symplectic automorphism of prime order on a fourfold X of K3 [2] type. In the case of an involution, this result is already proven in [23] . Finally, in the appendix we state a series of known results about sublattices of the Leech lattice, which we will use in the previous sections. The results of the appendix are taken from many sources, mainly [11] , [12] , [13] , [14] , [24] , [26] and [32] Notations Let L be a lattice and let G ⊂ O(L) be a group of isometries. We denote by T G (L) the G-invariant sublattice and with S G (L) := T G (L)
⊥ the coinvariant lattice. For any lattice L, we denote by L(n) the lattice with the same Z module structure of L, but with quadratic form multiplied by n. If X is a manifold of K3
[n] type and G ⊂ Aut(X), we will denote with T G (X) and S G (X) the invariant and coinvariant parts of the induced action of G on H 2 (X, Z). In the same fashion we will call discriminant group of X the group H 2 (X, Z) ∨ /H 2 (X, Z). We will denote with Aut s (X) the group of automorphisms of a manifold of K3 [n] type that preserve the symplectic form, i. e. symplectic automorphisms. Any isometry between H 2 (X, Z) and a lattice L is called a marking. In the present paper, all abstract groups are finite. This, in general, is not the case for automorphism groups of manifold of K3
[n] type, but we will always consider finite subgroups of these groups.
Manifolds of K3
[n] type
In this section we give a short introduction to manifolds of K3
[n] type. They are one of the known series of hyperkähler manifolds, with whom they share several properties. Definition 1.1. Let S be a K3 surface and let S
[n] denote its Hilbert scheme of points. Let X be a smooth deformation of S [n] . Then X is called of K3
[n] type.
We remark that these manifolds inherit a symplectic form from the K3 surface, as shown in [4] . We will mainly need three properties of these manifolds, which are the Beauville-Bogomolov form, the global Torelli theorem and the structure of their Kähler cone. Theorem 1.2. Let X be a manifold of K3
[n] type. Then there exists a canonically defined pairing ( , ) X on H 2 (X, C), the Beauville-Bogomolov pairing, and a constant c X (the Fujiki constant) such that the following holds:
Moreover c X and ( , ) X are deformation and birational invariants.
With this form, H
Where U is the hyperbolic lattice, E 8 (−1) is the unique unimodular even negative definite lattice of rank 8, (2 − 2n) is (Z, q) with q(1) = 2 − 2n and ⊕ denotes orthogonal direct sum. Any such isometry is called a marking and, in analogy to the case of K3 surfaces, there exists a non Hausdorff moduli space of marked manifolds.
type. Let M n be the set {(X, φ)}/ ∼ of marked manifolds of K3
[n] type where (X, φ) ∼ (X ′ , φ ′ ) if and only if there exists an isomorphism f :
Definition 1.4. We define the period domain Ω n as
The period map P : M n → Ω n sends a pair (X, f ) to the line spanned by f (σ X ). Definition 1.5. Let S be a K3 surface. Let L M := H * (S, Z) be a lattice, where the pairing is given by intersection on H 2 and duality between H 0 and H 4 . We call this lattice the Mukai lattice. It is isometric to
Markman [22] proved that the Mukai lattice can be used to classify Hodge isometries obtained by parallel transport: Theorem 1.6. [22, Theorem 9.3] Let X be a manifold of K3
[n] type. Then there exists a canonically defined equivalence class of embeddings ι X :
For X = Y , this amounts to saying that g acts as ±1 on L ∨ n /L n . Parallel transport operators can then be used for the following Theorem 1.7 (Global Torelli, Huybrechts, Markman and Verbitsky). Let X and Y be two hyperkähler manifolds of K3
[n] type. Suppose ψ :
is a parallel transport Hodge isometry. Then there exists a birational map φ : X Y .
Related to this there is also the following useful theorem, due to Huybrechts [22, Theorem 3.2]: Theorem 1.8. Let (X, f ) be a marked Hyperkähler manifold and (X ′ , g) another marked Hyperkähler manifold such that the points (X, f ) and (X ′ , g) are not separated. Then there exists an effective cycle Γ = Z + j Y j in X × X ′ satisfying the following conditions:
• Z is the graph of a bimeromorphic map from X to X ′ .
• The codimensions of π 1 (Y j ) and π 2 (Y j ) are equal.
• The composition g
Finally, the birational geometry of certain manifolds of K3
[n] type has been analysed by Bayer and Macrí [2] and was generalised in [27] (see [1] for a different approach) using general properties of the Kähler cone of hyperkähler manifolds.
Let X be a manifold of K3 • r
Theorem 1.10. [27, Theorem 1.3 and Proposition 1.5] Let X be a manifold of K3 [n] type and let W be the set of wall divisors on X. Then the Kähler cone of X is one of the connected components of the following set
Lattice theory
In this section we sketch some of the lattice theory used in the proofs of the main theorems. An additional list of results, mainly an enumeration of lattices of interest, is contained in the appendix. The interested reader can consult [30] for prerequisites on discriminant groups and forms. By lattice we mean a free Z module equipped with a non degenerate bilinear form. We call it even if the associated quadratic form takes only even values. Given an element v ∈ L, we denote div(v) a positive generator of the ideal (v, L) and we call it the divisibility of v.
denote the length of this group. If the lattice L is even, A L has a bilinear form with values in Q/Z induced from the bilinear form on L. Many properties of the associated quadratic form on Q/2Z, called discriminant form, were found by Nikulin in [30] . If L is a lattice, we call (l + , l − ) its signature and q L its discriminant form. The integer l + − l − is called signature of q L and, modulo 8, it is well defined. Here we will make often use of the following facts concerning primitive embeddings. 
, where ǫ and ψ are the isometries induced among discriminant groups.
Here Γ γ is the graph of γ. For most purposes, only the following simplified version will suffice: Lemma 2.2. Let S be an even lattice of signature (s + , s − ). The existence of a primitive embedding of S into some unimodular lattice L of signature (l + , l − ) is equivalent to the existence of a lattice M of signature (m + , m − ) and discriminant form q AM such that the following are satisfied:
• s + + m + = l + and s − + m − = l − .
• A M ∼ = A S and q AM = −q AS .
We will also use a result on the existence of lattices, the following is a simplified version of [30, Theorem 1.10.1] Lemma 2.3. Suppose the following are satisfied:
• sign(q T ) ≡ t + − t − mod 8.
• t + ≥ 0, t − ≥ 0 and t + + t − ≥ l(A T ).
• There exists a lattice T ′ of rank t + + t − and discriminant form q T over the group A T . Then there exists an even lattice T of signature (t + , t − ), discriminant group A T and form q AT .
The uniqueness of a lattice is usually difficult to prove, but here are two special cases:
Lemma 2.4. [30, Corollary 1.13.3] Let S be an even indefinite lattice with signature (t + , t − ) and discriminant form q AS . Then all lattices with the same signature and discriminant form are isometric to it if
r . It is called a 2-modular lattice and its isometry class is easily determined using its discriminant form. Let us denote by ∆ a discrete invariant, which is 0 if the discriminant form takes only values 0 and 1, and it is 1 otherwise. Theorem 2.5. [31, Theorem 3.6.2] A 2-modular indefinite lattice is uniquely determined by its rank, its signature, the length of its discriminant group and ∆ 2.2. Isometries, Invariant and Co-invariant Lattices. In this subsection we analyse two kind of lattices linked to an isometry, namely the co-invariant and invariant lattices. Definition 2.6. Let R be a lattice and let G ⊂ O(R). Then we define T G (R) = R G as the invariant lattice of G and
⊥ as the co-invariant lattice.
We will be mainly interested in the following lattices and groups:
Definition 2.7. Let M be an even lattice and let G ⊂ O(M ). Then M is a Leech type lattice with respect to G if the following are satisfied:
• M is negative definite.
• M contains no vectors of square −2.
• G acts trivially on A M .
•
Moreover we call (M, G) a Leech pair and G a Leech type group.
Leech type lattices of rank at most 11 have been classified by Nikulin in [30, Section 1.14] and the only such lattice is E 8 (−2). The easiest examples of such lattices can be constructed as follows. Let N be a unimodular negative definite lattice with no elements of square −2 and let
Lemma 2.8. Let R be a lattice, and let G ⊂ O(R). Then the following hold:
• S G (R) contains v − gv for all v ∈ R and all g ∈ G.
• If R is definite then T G (R) and S G (R) are nondegenerate.
Proof. It is obvious that g∈G gv is G-invariant for all v ∈ R. For w ∈ T G (R) we have (w, v) = (gw, gv) = (w, gv) for all v ∈ R and all g ∈ G. Therefore v − gv is orthogonal to all G-invariant vectors, hence it lies in S G (R). Obviously whenever R is definite all of its sublattices are nondegenerate. Let t ∈ R, we can write |G|t = g∈G g(t) + g∈G (t − g(t)), where the first term lies in T G (R) and the second in S G (R).
Remark 2.9. Let L be a lattice and let L ⊂ L ′ be a primitive embedding into a unimodular lattice. Let g ∈ O(L) be an isometry which acts trivially on A L . Then there exists an isometry g ∈ O(L ′ ) such that g |L = g and g |L ⊥ = Id.
Definition 2.10. Let X be a K3 surface and let G ⊂ Aut(X) be a finite abelian group of symplectic morphisms. Nikulin [29] proved that the action of G on H 2 (X, Z) is uniquely determined. We denote with S G.K3 the lattice S G (H 2 (X, Z)). When G is a cyclic group of order n, we use S n.K3 := S G.K3 . For an explicit description of these lattices, the interested reader can consult [17] and [16] .
From symplectic automorphisms to the Conway group
Definition 3.1. Let X be a manifold of K3
[n] type and let G ⊂ Aut(X). We let T G (X) inside H 2 (X, Z) be the sublattice fixed by the induced action of G on H 2 (X, Z). Moreover we define the co-invariant lattice
⊥ . The fixed locus of G on X will be denoted X G .
We wish to remark that the map
is injective for manifolds of K3
[n] type. We have the following exact sequence for any finite group G of Hodge isometries on H 2 (X, Z):
where Γ m ⊂ U (1) is a cyclic group of order m. In fact the action of G on H 2,0 is the action of a finite group on C. Lemma 3.2. Let X be a manifold of K3
[n] type and let G ⊂ Aut(X) be a finite group. Then the following hold:
(1) g ∈ G acts trivially on T (X) if and only if g ∈ G 0 .
(2) The representation of Γ m on T (X)⊗Q splits as the direct sum of irreducible representations of the cyclic group Γ m having maximal rank (i. e. of rank φ(m)).
Proof. 
be a group and let X be a manifold of K3
[n]
type such that P ic(X) ∼ = S G (L n ). Suppose moreover that G consists of parallel transport operators on X. A numerical wall divisor in S G (L n ) is the image under the above isometry of a wall divisor of X.
Proof. Isometries of L n are an extension of discriminant preserving isometries with isometries of A Ln , therefore we can write f = g•R v , where R v is the reflection along an element of square 2−2n and div(v) = 2n−2. In particular we have that
⊥ in this embedding. The reflection by v is a parallel transport operator, hence either
In any case, the primitive lattice containing s and t satisfies Definition 1.9, therefore t is a numerical wall divisor.
We remark that the above condition on the signature of S f (L n ) is indeed necessary, there are examples of nonsymplectic automorphisms acting nontrivially on the discriminant group of the manifold. Let now G be a finite group of automorphisms of X such that G ⊂ Aut s (X).
Lemma 3.5. Let X be a hyperkähler manifold and let G ⊂ Aut s (X) be a finite group. Then the following assertions are true:
(1) S G (X) is nondegenerate and negative definite.
Proof. The proof of the first three items goes exactly as in [23, Lemma 3.5] with wall divisors taking the role of -2 elements. For the reader's convenience we sketch it here. The invariant lattice T G (X) contains T (X) because G is symplectic and, after tensoring with R, it contains an invariant Kähler class because G is finite. Therefore its orthogonal S G (X) is negative definite. Since T G (X) ⊗ R contains a Kähler class, its orthogonal can not contain wall divisors. For the final statement, suppose that an element g of G acts nontrivially on A Ln . Since it is a parallel transport operator, it must act as −Id and Lemma 3.4 implies that S g (X) would contain a wall divisor.
We are now ready to prove the main result of this section:
Theorem 3.6. Let X be a manifold of K3
[n] type and let G ⊂ Aut s (X) be a finite group. Then G ⊂ Co 1 and S G (X) = S G (Λ) for some conjugacy class of G in Co 1 .
Proof. The first part of the theorem is a generalisation of [26, Theorem 1.1], however we provide a different proof which simplifies the classification and yields also the second part of the theorem. This proof is essentially taken from [20] . Let us take a primitive embedding S G (X) → Λ ⊕ U , which exists by Lemma 2.2. By Lemma 3.4, the action of G can be extended by Id to an action on Λ ⊕ U . Let us denote with e one of the standard generators of the above copy of U . Let V = (Λ ⊕ U ) ⊗ R and let us consider a decomposition of its positive cone in a wall and chamber structure, where walls are orthogonal to elements of square −2. Then T G (V ) intersects one of these chambers, otherwise we would have an element of square −2 contained in its orthogonal. The action of the Weyl group of reflections is transitive on these chambers, therefore we may assume that G preserves a special chamber, denoted C 0 , which is cut out by all roots v such that (v, e) = 1. The group of isometries fixing C 0 is Co ∞ , see [12, Chapter 27] . The group G also fixes e, therefore we have an embedding S G (X) → Λ. The action of G on A SG(X) is trivial, therefore G extends to a group of isometries of Λ. Furthermore we have G ⊂ Aut(Λ)/{±1} = Co 1 because −Id has a coinvariant lattice of rank 24.
From the Conway group to symplectic automorphisms
Theorem 4.1. Let G be a finite subgroup of O(L n ). Then G is induced by a symplectic subgroup of Aut(X) for some manifold (X, f ) of K3
[n] type if and only if the following hold:
(1) S G (L n ) is non degenerate and negative definite.
Proof. By the surjectivity of the period map and by Lemma 3.5 we can consider a marked manifold (X, f ) of
contains no numerical wall divisors, it follows that P ic(X) contains no wall divisors and therefore K X = BK X = C X . In particular we have a G invariant Kähler class and X contains no effective rational curves nor divisors. For g ∈ G, we consider the marked varieties (X, f ) and (X, g • f ). Since g acts trivially on the discriminant group of X, these two marked manifolds lie in the same connected component of the moduli space. They also have the same period, hence by Theorem 1.8 we have f
[n] type has either square −2 or div(D) > 1 and it divides 2(n − 1). So, if G is a cyclic group of order coprime with 2(n − 1), the only numerical wall divisors that S G (L n ) could contain are those of square −2.
Proposition 4.3. Let (S, G) be a pair consisting in a Leech type lattice and its Leech automorphism group as in Definition 2.7. Let moreover S ⊂ N , one of the 24 Niemeier lattices. Suppose there exists a primitive embedding S → L n and suppose that the order of G is coprime with 2(n − 1). Then G extends to a group of automorphisms on some manifold X of K3
Proof. This is an immediate consequence of Theorem 4.1: G acts trivially on A S , therefore we can extend G to a group of isometries of L n acting trivially on S ⊥L n . Thus we have S G (L n ) ∼ = S. Moreover since S is a Leech type lattice contained in a negative definite lattice N the other conditions of Theorem 4.1 are satisfied.
Theorem 4.4. Let G ⊂ Co 0 be a group of isometries such that rk(S G (Λ)) ≤ 20 and rk(T G (Λ)) > l(A TG(Λ) ). Then there exist an integer n and a manifold X of K3
[n] type such that G ⊂ Aut s (X) and S G (X) ∼ = S G (Λ).
Proof. First of all, by the existence of the lattice T G (Λ), we have a lattice T of signature (4, rk(T G (Λ)) − 4) and q T = q A T G (Λ) by Lemma 2.3. Then, by Lemma 2.2, there is a primitive embedding of S G (Λ) into the Mukai lattice L M whose orthogonal is T . We have rk(T ) > l(A T ). This implies that there exists an element v ∈ T such that (v + t)/r ∈ L M implies r = 1 for all t ∈ S G (Λ). After adding with some positive element of T , we have v 2 ≥ 2 (and it can actually take infinitely many positive values). Let now n = (v 2 + 2)/2, the lattice v ⊥ is isometric to L n and all elements of S G (Λ) have divisibility 1 in L n . Since S G (Λ) contains no elements of square −2 and no elements of divisibility at least 2, it contains also no numerical wall divisors. Therefore Theorem 4.1 applies and we obtain our claim.
The condition in the above theorem is actually equivalent to rk(S G (Λ))+l(A SG(Λ) ) ≤ 23. This equivalence is trivial if rk(S G (Λ)) ≥ 12 and it still holds otherwise because the only smaller Leech type lattice is E 8 (−2).
With the above proposition, we can construct automorphism groups from several subgroups of the Conway group. In [20, Theorem 0.2], Huybrechts also finds a sufficient condition to obtain a group of symplectic automorphisms on a manifold of K3
[n] type from a subgroup of the Conway group, the following shows that his condition is equivalent to ours: Lemma 4.5. Let M be a negative definite lattice of rank at most 20. Then the following are equivalent:
• M embeds primitively in Λ and its orthogonal T Λ satisfies rk(T Λ ) > l(A TΛ ).
• M embeds primitively in L M and its orthogonal R satisfies rk(R) > l(A R ).
• M embeds primitively into a lattice P of signature (1, 20) with l(A P ) ≤ 2.
• M embeds primitively in L M and its orthogonal R contains a positive definite lattice Γ of rank 3 with l(Γ) ≤ 2.
Proof. The last two conditions are trivially equivalent, after noticing that both Γ and P embed into L M and taking Γ = P ⊥ . The first two conditions are also equivalent by Lemma 2.3 and Lemma 2.2. Let now Γ ⊂ R with l(Γ) ≤ 2. This means that there exists an element t ∈ Γ such that t/p / ∈ Γ ∨ for any prime p and also t/p / ∈ R ∨ , i. e. l(A R ) < rk(R). Equivalently if l(A R ) < rk(R) there exists a t as above and we define Γ as any lattice containing t, v and w where these three are linearly independent.
One is naturally interested in the case of a group G ⊂ Aut(Λ) such that rk(T G (Λ)) = l(A TG(Λ) ). The following proposition actually shows that, if ever we could obtain G as an automorphism of manifolds of K3
[n] type, this would happen only for finitely many n. 2 (n + 3)/2. Then M contains a wall divisor for any manifold X with M ⊂ P ic(X).
The condition l(A M ) + rk(M ) = 24 is equivalent to rk(T ) = l(A T ). Therefore, there exists an element t ∈ M such that (v + t)/a ∈ L M , where a = GCD(div M (t), 2n − 2) = 1. Moreover, t = t i + div(t)w for some i and some w ∈ M . Let now X be a manifold of K3
[n] type with M ⊂ P ic(X) and the embedding L n ⊂ L M coincides with the natural one on X. By our assumption on t i , the vector (v + t i )/a is a wall divisor as in Definition 1.9, hence we are done.
In particular, if we analyse what happens for three interesting lattices with l(A T ) + rk(T ) = 24, we see that they never occur as coinvariant lattices for symplectic automorphisms. This is some evidence for the following:
There is a bijective correspondence between finite groups of symplectic automorphisms of manifolds of K3
[n] type (for some n) and subgroups G of Co 1 satisfying the conditions of Theorem 4.4.
The three lattices we will analyse are coinvariant lattices for isometries of order 2 or 3 and they are the Barnes-Wall lattice BW 16 (−1), defined in [12, Section 4.10], the lattice S 3.exo as in Example A.9 and the lattice D Proof. We want to apply Proposition 4.6, and we use the fact that the discriminant group of BW 16 can be generated by elements t i of square at most 12, as computed in [12, Section 6.5] . Moreover, by Theorem 2.5, the orthogonal of BW 16 inside L M is isometric to U (2) 4 hence n must be odd and the inequality of Proposition 4.6 is satisfied.
Lemma 4.9. Let v ∈ L M be a primitive element of square 2n − 2, where n ≡ 1 mod 3. Let S 3.exo be primitively embedded inside L n := v ⊥ . Then there exists an element t inside S 3.exo such that v+t 3 ∈ L M and t is a numerical wall divisor. Proof. The proof goes as in Lemma 4.8. Here the set {t i } is given by elements of the form 2e − f − g, where S 3.exo ⊂ E 8 (−1)
3 , e is a root of one copy of E 8 and f and g are the corresponding roots in the other two copies. These have squares −36, −24 or −12 which satisfies the bound in Proposition 4.6 if n ≥ 5. Observing that t 2 and 2n − 2 must be congruent modulo 9, we are done also for n ≤ 4. is primitive and isometric to
Proof. We will apply Lemma 2.1 to the lattice D 11 is unique up to isometry. One such embedding is given by taking an element t of square −2n − 6 and adding v+t 2 to v ⊕ D + 12 (−2), which is our claim.
Classification of prime order morphisms
The aim of this section is to give a first application of Theorem 3.6, i. e. the classification of prime order symplectic automorphisms on manifolds of K3
[n] type up to their co-invariant lattice and the minimal n for which they occur, the case n = 1 being morphisms of K3 surfaces.
Corollary 5.1. Let X be a manifold of K3
[n] type and let ϕ ∈ Aut s (X) be of prime order p. Then one of the following holds: However, all these embeddings contain a numerical wall divisor. Therefore the Leech isometry of these lattices does not induce an automorphism. Obviously all the cases corresponding to natural automorphisms exist in all possible dimensions. To analyse all the other cases we must embed the lattices S i contained in Table 5 .1 inside the Mukai lattice L M and look at their orthogonal: if it represents the integer 2(n − 1) with a primitive vector then there exists a primitive embedding of S i inside L n . A little care is required if p divides n − 1, since in that case some embeddings of S i might contain numerical wall divisors. Otherwise by Theorem 4.1 there exists a manifold of K3
[n] type having an automorphism ϕ such that S ϕ ∼ = S i . Let us look at all cases one by one:
In this case we will look at a greater lattice: let F be the orthogonal inside Λ to the S-lattice (see Definition A.1) 2 9 3 6 . Then W (−1) ⊂ F by 2 9 3 6 ⊂ 2 27 3 36 . Let us now embed F into L M and let T = F ⊥L . A necessary condition for W (−1) → L n is that 2(n − 1) is represented by a primitive vector of T . By Example A.6, T ∼ = A 2 ⊕ A 2 (3). Therefore it represents 2, so W (−1) primitively embeds into L 2 . S i = S 5.exo Let us fix an embedding S 5.exo → L M and let T = S ⊥ 5.exo . By Example A.5, T is in the same genus of the S-lattice 2 5 3 10 (−1), however there is only one lattice in this genus, which we recall is
An easy computation shows that the minimal integer it represents is 4, therefore S i does embed into L 3 . S i = S 11.K3 [2] Let us fix an embedding S 11.K3 [2] → L M and let T = S ⊥ 11.K3 [2] . T has determinant 121 and, as shown in [32] , there is only one genus of such lattices, containing the following: A direct computation shows that the integer 2 is represented by two of these lattices, therefore S 11.K3 [2] embeds into L 2 in two different ways.
In the case of dimension 4, we can be more precise and determine also the fixed locus X ϕ and the number of deformation types of pairs (X, ϕ).
Corollary 5.2. Let X be a manifold of K3 [2] type and let ϕ ∈ Aut(X) be a symplectic morphism of prime order p. Then one of the following occurs Proof. The list of lattices is given just by the elements of Corollary 5.1 occurring for n = 2. To determine the deformation classes of pair, we can use the main theorem of [25] . Indeed, an identical technique can be used to deform two pairs (X, ϕ) and (Y, ψ) if they have isometric invariant and coinvariant lattices. For all cases arising as morphisms of a K3 surface, we have uniqueness by Lemma 2.4.
In the case of order 11, there are two choices for the lattice T ϕ (X) and therefore two deformation classes of pairs. These have been made explicit in [24, Examples 4.5.1 and 4.5.2]. Finally, the deformations with coinvariant lattice W (−1) can be analysed as in Corollary 5.1 by taking a bigger group of automorphisms containing ϕ, namely the group given as an extension of (Z/3Z) 4 by A 6 . Here we have only one deformation class and we can always deform a manifold with P ic ∼ = W (−1) to one with P ic ∼ = F by adding classes without adding wall divisors. Once we have an example in each deformation class, we just need to compute the fixed locus in a single example since it deforms smoothly. Such examples are classically known and explicit computations can be found in [24, Chapter 4] . Example A.5. Let us consider the S-lattice M = 2 5 3 10 , it has rank 4 and it is T G (Λ), where G is an extension of (Z /(5) ) 3 with Z /(4) . We wish to remark that G contains an element of the conjugacy class 5C in the notation of [11] . We will later denote M ⊥ as the lattice S 5.exo , which, as shown in Example A.10, is S 5C (Λ). Moreover M is isometric to the following
From Nipp's [32] list of definite quadratic forms we have that M is the unique lattice in its genus, moreover M ⊕ M has E 8 (−1) as an overlattice.
Example A.6. The S-lattice M = 2 9 3 6 is a lattice of rank 4 and it is the stabilizer of a group G ⊂ Co 0 which is a nontrivial extension of (Z /(3) ) 4 with A 6 . If we consider Λ as the lattice defined in Example A.3 then M is spanned by the following 9 elements: A look at Nipp's table [32] shows again that it is unique in its genus. This time however M ⊕ M has not an unimodular overlattice, however M ⊕ A 2 (−1) ⊕ A 2 (−3) does. Notice moreover that A 2 (−1) ⊕ A 2 (−3) is again unique in its genus by [32] .
Example A.7. The S-lattice M = 2 27 3 36 is a lattice of rank 6 and discriminant group (Z /(3) ) 5 and it is the stabilizer of a group G ⊂ Co 0 , where G is a nontrivial extension of (Z /(3) ) 5 with Z /(2) . Its orthogonal inside Λ is a lattice which contains the group O(E 6 ) in its automorphism group. In particular, its orthogonal is the Wall lattice W (−1) described in [36] . This Wall lattice is the coinvariant lattice of an order three isometry of the Leech lattice.
A.2. Niemeier lattices. Now we recall Niemeier's list of definite even unimodular lattices of dimension 24. Usually they are defined as positive definite lattices. For our purposes, we will consider them as negative definite lattices. All of these lattices can be obtained by specifying a 0 or 24 dimensional Dynkin diagram such that every semisimple component has a fixed Coxeter number, in Table A is the Weyl group generated by reflections on −2 vectors. These groups where first computed by Erokhin [14] . This data is summarized in Table A .2, taken from [26] . Let us explain briefly the notation used therein: for the Leech-type group we used standard notation from [11] , where n denotes a cyclic group of order n, p n denotes an elementary p-group of order p n , G.H denotes any group F with a normal subgroup G such that F/G = H and L m (n) denotes the group P SL m over the finite field with n elements. M n denotes the Mathieu group on n elements and Co n denotes Conway groups.
Regarding the glue codes we kept the notation of [12] (17, 1, 1, 1, 1, 1, 1, 1, 1, 3, 3, 3, 3, 3, 3, 3, 3, 3 
A.3. The "holy" construction. In this subsection we give a few different constructions of the Leech lattice Λ arising from the other Niemeier lattices. These constructions are useful to classify isometries of the Leech lattice. The detailed construction is contained in [12, Section 24] , in the following we just sketch it: Let A n be a Dynkin lattice defined by is isometric to the Leech lattice Λ. We call the set defined by (8) the holy construction of Λ with hole (7) . Moreover the glue code provides several automorphisms of the Leech lattice, where the action of t ∈ G(N ) is given by sending h w to h w+t .
Let us now use this construction for some isometries relevant in the following.
Example A.9. Let us apply this construction to the lattice E 8 (−1) 3 and let ϕ be an order 3 permutation of the 3 copies of E 8 (−1). With the holy construction with hole N 3 , it induces an automorphism ϕ of Λ of order 3 which fixes the only glue vector g 0 . A direct computation shows that T ϕ (N 3 ) ∼ = E 8 (−3) and S ϕ (N 3 ) ∼ = S ϕ (Λ) = {a − ϕ(a), a ∈ E 8 (−1) 3 }. Let us call this lattice S 3.exo , it is S g (Λ) for any g ∈ Co 0 in the conjugacy class 3D (in the notation of [11] ).
Example A.10. Let us apply this construction to the lattice A 4 (−1)
6 , we then have G(N ) = (Z /(5) ) 3 acting on Λ. The normaliser of this group (inside Co 1 ) is one of the maximal subgroups of Co 1 , and its structure is analysed in [11] . The elements of G(N ) fall under three conjugacy classes labeled 5A, 5B and 5C. Each conjugacy class has respectively 40, 60 and 24 representatives inside G(N ). Therefore we can compute the rank of the invariant lattice inside Λ for each of these conjugacy classes. This rank is 4 for elements of class 5C, 8 for elements of class 5B and 0 for elements of class 5A.
Example A.11. Let us apply this construction to the lattice A 12 (−1) 2 , we then have G(N ) = Z / (13) . Let ϕ be an isometry of Λ of order 13 generated by a non trivial element g of G(N ) on this holy construction. Note that ϕ cyclically permutes the extended roots of both copies of A 12 and therefore has no fixed points in Λ.
Example A.12. Let us apply this construction to the lattice A 2 (−1) 12 and let us analyze an automorphism of order 11: it can be defined by leaving the first copy of A 2 (−1) fixed and by cyclically permuting the remaining 11, and the action is extended accordingly to the glue vectors. This automorphism is defined on both N 22 and Λ. Let ϕ be this isometry on A A.4. Prime order automorphisms of the Leech lattice. In this subsection we give a brief analysis of prime order automorphisms on the Leech lattice, which will be used for Corollary 5.1. The relevant computations of this subsection can be found in [24] . Proposition A.13. Let Λ be the Leech lattice, ϕ ∈ Aut(Λ) be an involution, then one of the following holds:
Proof. The only possible primes are 13 and 23. An automorphism of order 23 has a co-invariant lattice which is negative definite and of rank 22. This can be explicitly computed using an order 23 element of M 24 and letting it act on Λ or on N 23 . The only Niemeier lattice with an automorphism of order 13 is Λ, where all elements of order 13 are conjugate (see [11] ). These automorphisms have no fixed points on Λ, as in Example A.11.
